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Equivalent conditions for a trajectory of a C0-semigroup T (·) (resp. cosine function C(·))
of operators to have the growth order O (tα) or o(tα) are expressed in terms of Cesàro
and Abel means of the norm of the trajectory. We then deduce characterizations of growth
order and stability for T (·) and C(·). It is also shown that under some Tauberian condition
the uniform boundedness (resp. strong convergence) of T (·) is equivalent to the uniform
boundedness (resp. strong convergence) of its Abel means.
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1. Introduction
Let T (·) := {T (t); t  0} be a C0-semigroup of bounded linear operators on a Banach space X with generator A. For
α  0, T (·) is said to be of growth order O (tα) (resp. o(tα)) as t → ∞ if limsupt→∞ ‖T (t)‖/tα < ∞ (resp. = 0). When α = 0,
this means uniform boundedness and uniform stability, respectively. T (·) is said to be strongly stable if ‖T (t)x‖ = o(1) (t → ∞)
for all x ∈ X . Discussion on uniform boundedness and uniform stability of T (·) can be found in e.g. [5], and there are some
papers [3,4,6,11] discussing characterizations of bounded and polynomially bounded C0-semigroups in terms of boundedness
conditions on their Laplace transforms. Recently, Zwart [15] proved that T (·) is uniformly bounded (resp. strongly stable) if
and only if there exist p,q ∈ (1,∞), with 1p + 1q = 1, such that
sup
t>0
(
t−1
t∫
0
∥∥T ∗(s)x∗∥∥q ds
)
 M ′1‖x∗‖q for all x∗ ∈ X∗
and
sup
t>0
(
t−1
t∫
0
∥∥T (s)x∥∥p ds
)
 M1‖x‖p for all x ∈ X
(
resp. lim
t→∞ t
−1
t∫
0
∥∥T (s)x∥∥p ds = 0 for all x ∈ X
)
.
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sup
σ>0
(
σ
∞∫
0
e−2σ s
∥∥T (s)x∥∥2 ds
)
 M2‖x‖2 for all x ∈ X
and
sup
σ>0
(
σ
∞∫
0
e−2σ s
∥∥T ∗(s)x∗∥∥2 ds
)
 M ′2‖x∗‖2 for all x∗ ∈ X∗.
The ﬁrst objective of this paper is to extend these results and give characterizations for the growth orders O (tα) and
o(tα), the strong stability and the uniform stability of C0-semigroups in terms of conditions involving Cesàro and Abel means
of ‖T (·)x‖p and ‖T ∗(·)x∗‖q for all x ∈ X and x∗ ∈ X∗ . Similar results for cosine operator functions are also obtained. Here, a
cosine operator function means a strongly continuous family C(·) := {C(t); t ∈R} of operators which satisﬁes C(0) = I and
C(s + t) + C(s − t) = 2C(s)C(t) for all s, t ∈R (cf. [13]).
Our second objective is to show that, under the condition ‖t AT (t)‖  M , T (·) is uniformly bounded (resp. strongly
convergent) if and only if its Abel mean is. Similar result for cosine operator functions is also obtained. See Corollaries 2.9
and 3.6.
2. Results on C0-semigroups
We begin with the following lemma about relations between growth orders of Cesàro and Abel means of a function,
which will be used later.
Lemma 2.1. Let u ∈ C([0,∞), X) be a continuous Laplace transformable function with values in a Banach space X. The following hold:
(i) If γ  0 and α > −1− γ , then
∥∥u(t)∥∥= O (tα) (t → ∞) ⇒
∥∥∥∥∥γ t−γ
t∫
0
(t − s)γ−1u(s)ds
∥∥∥∥∥= O (tα) (t → ∞)
⇒
∥∥∥∥∥λ
∞∫
0
e−λsu(s)ds
∥∥∥∥∥= O (λ−α) (λ → 0+)
(cf. [1, Corollary 2.8(i)], [8], or [10, Proposition 2.1(ii)] for the case γ = 1). The implication relations still hold when O (·) is
replaced with o(·) (cf. [2, Corollary 4.1], or [9, Proposition 2.4] for the case γ = 1).
(ii) If X is a Banach lattice and u is a positive function, and if γ  1 and α > −1 − γ , then ‖γ t−γ ∫ t0 (t − s)γ−1u(s)ds‖ = O (tα)
(t → ∞) if and only if u is Laplace transformable and ‖λ ∫ ∞0 e−λsu(s)ds‖ = O (λ−α) (λ → 0+) (cf. [1, Theorem 2.9(ii)], or
[10, Proposition 3.1(ii)] for the case γ = 1). The equivalence still holds when O (·) is replaced with o(·) (cf. [2, Corollary 4.2], or
[9, Corollary 4.3] for the case γ = 1).
Note that (ii) will be used later only for the special case of the positive real-valued function ‖T (·)x‖p .
Let T (·) be a C0-semigroup of operators on a Banach space X and x∗ ∈ X∗ , and for q ∈ (0,∞) let
M
(
T ∗(·),q, x∗) := sup
λ>0
(
λ
∞∫
0
e−λs
∥∥T ∗(s)x∗∥∥q ds
)1/q
.
For q = ∞ let
M
(
T ∗(·),∞, x∗) := sup
t>0
∥∥T ∗(t)x∗∥∥.
Theorem 2.2. Let T (·) be a C0-semigroup of operators on a Banach space X, let p ∈ [1,∞),q ∈ (1,∞] be such that 1p + 1q = 1.
Suppose M(T ∗(·),q, x∗) < ∞ for all x∗ ∈ X∗ . Then for any ﬁxed x ∈ X, γ  1 and α  0 the following conditions are equivalent:∥∥T (t)x∥∥= O (tα) (resp. o(tα)) (t → ∞); (1)
t−1
t∫ ∥∥T (s)x∥∥p ds = O (t pα) (resp. o(t pα)) (t → ∞); (2)0
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t∫
0
(t − s)γ−1∥∥T (s)x∥∥p ds = O (t pα) (resp. o(t pα)) (t → ∞); (3)
λ
∞∫
0
e−λs
∥∥T (s)x∥∥p ds = O (λ−pα) (resp. o(λ−pα)) (λ → 0+). (4)
Proof. “(1) ⇒ (2)” follows from Lemma 2.1(i). “(2) ⇔ (3) ⇔ (4)” follows from Lemma 2.1(ii). It remains to show “(2) ⇒ (1)”
under the assumption.
For the case 1 < p,q < ∞, since λ ∫ t0 e−λs ds = 1− e−λt , we use Hörder’s inequality to obtain
∣∣〈T (t)x, x∗〉∣∣(1− e−λt)= λ
t∫
0
e−λs
∣∣〈T (t − s)x, T ∗(s)x∗〉∣∣ds

(
λ
t∫
0
e−λs
∥∥T (t − s)x∥∥p ds
)1/p(
λ
t∫
0
e−λs
∥∥T ∗(s)x∗∥∥q ds
)1/q

(
λ
t∫
0
∥∥T (t − s)x∥∥p ds
)1/p
M
(
T ∗(·),q, x∗),
so that
∣∣〈T (t)x, x∗〉∣∣
(
t−1
t∫
0
∥∥T (s)x∥∥p ds
)1/p(
(λt)1/p
1− e−λt
)
M
(
T ∗(·),q, x∗)
for all t, λ > 0 and x∗ ∈ X∗ . Letting λ = 1/t and using the uniform boundedness principle we obtain
∥∥T (t)x∥∥
(
t−1
t∫
0
∥∥T (s)x∥∥p ds
)1/p(
1
1− e−1
)
Mx (5)
for some Mx > 0.
For the case p = 1, q = ∞, we can write
∣∣〈T (t)x, x∗〉∣∣=
∣∣∣∣∣t−1
t∫
0
〈
T (s)x, T ∗(t − s)x∗〉ds
∣∣∣∣∣

(
t−1
t∫
0
∥∥T (s)x∥∥ds
)
sup
t>0
∥∥T ∗(t)x∗∥∥,
which holds for all t > 0 and x∗ ∈ X∗ . Applying the uniform boundedness principle, we have
∥∥T (t)x∥∥
(
t−1
t∫
0
∥∥T (s)x∥∥ds
)
M ′x (6)
for some M ′x > 0 and all t > 0. In both cases (1) follows from (2). This completes the proof. 
Applying the uniform boundedness principle to Theorem 2.2, one can deduce the following theorem about the growth
order of T (·).
Theorem 2.3. Let T (·) be a C0-semigroup of operators on a Banach space X, and let p ∈ [1,∞),q ∈ (1,∞] be such that 1p + 1q = 1.
For α  0 the following statements are equivalent:
(a) ‖T (t)‖ = O (tα) (t → ∞) (resp. ‖T (t)x‖ = o(tα) (t → ∞) for all x ∈ X );
(b) M(T ∗(·),q, x∗) < ∞ for all x∗ ∈ X∗ and
t−1
t∫
0
∥∥T (s)x∥∥p ds = O (t pα) (resp. o(t pα)) (t → ∞) for all x ∈ X; (7)
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γ t−γ
t∫
0
(t − s)γ−1∥∥T (s)x∥∥p ds = O (t pα) (resp. o(t pα)) (t → ∞) for all x ∈ X; (8)
(d) M(T ∗(·),q, x∗) < ∞ for all x∗ ∈ X∗ and
λ
∞∫
0
e−λs
∥∥T (s)x∥∥p ds = O (λ−pα) (resp. o(λ−pα)) (λ → 0+) for all x ∈ X . (9)
In particular, the special case α = 0 of Theorem 2.3 gives the following characterizations for the uniform boundedness
and the strong stability of T (·).
Corollary 2.4. Let T (·) be a C0-semigroup of operators on a Banach space X, and let p ∈ [1,∞),q ∈ (1,∞] be such that 1p + 1q = 1.
The following statements are equivalent:
(a) T (·) is uniformly bounded (resp. strongly stable);
(b) M(T ∗(·),q, x∗) < ∞ for all x∗ ∈ X∗ and
t−1
t∫
0
∥∥T (s)x∥∥p ds = O (1) (resp. o(1)) (t → ∞) for all x ∈ X; (10)
(c) M(T ∗(·),q, x∗) < ∞ for all x∗ ∈ X∗ and for some (all) γ  1
γ t−γ
t∫
0
(t − s)γ−1∥∥T (s)x∥∥p ds = O (1) (resp. o(1)) (t → ∞) for all x ∈ X; (11)
(d) M(T ∗(·),q, x∗) < ∞ for all x∗ ∈ X∗ and
λ
∞∫
0
e−λs
∥∥T (s)x∥∥p ds = O (1) (resp. o(1)) (λ → 0+) for all x ∈ X . (12)
The following theorem follows by applying Lemma 2.1(i) and (5) (or (6)) with the uniform boundedness principle.
Theorem 2.5. Under the assumption of Corollary 2.4, T (·) is uniformly exponentially stable, i.e. ‖T (t)‖ = O (e−εt) (t → ∞) for some
ε > 0, if and only if M(T ∗(·),q, x∗) < ∞ for all x∗ ∈ X∗ and
t−1
t∫
0
∥∥T (s)x∥∥p ds = O (e−pεt) (t → ∞) for all x ∈ X . (13)
Remark. It is known (cf. [5, Proposition V.1.2]) that T (·) is uniformly stable if and only if it is uniformly exponentially stable.
The following corollary follows immediately from (1), Corollary 2.4 and Theorem 2.5.
Corollary 2.6. Let T (·) be a C0-semigroup of selfadjoint operators on a Hilbert space H.
(i) T (·) is uniformly bounded (resp. strongly stable) if and only if
t−1
t∫
0
∥∥T (s)x∥∥2 ds = O (1) (resp. o(1)) (t → ∞) for all x ∈ H, (14)
if and only if
λ
∞∫
0
e−λs
∥∥T (s)x∥∥2 ds = O (1) (resp. o(1)) (λ → 0+) for all x ∈ H . (15)
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t−1
t∫
0
∥∥T (s)x∥∥2 ds = O (e−εt) (t → ∞) for all x ∈ H . (16)
Remark. Without the assumption of selfadjointness, the assertion of Corollary 2.6 does not hold. In fact, van Casteren
[14, p. 254] gave an example of a group T (·) of operators on L2(R) which is not uniformly bounded but satisﬁes
sup
{
(2t)−1
t∫
−t
∥∥T (s) f ∥∥22 ds; t > 0
}
< ∞
for all f ∈ L2(R).
Let A be the inﬁnitesimal generator of T (·). Then the Abel means of T (·) are
λ
∞∫
0
eλt T (t)dt = λ(λ − A)−1, λ > w, (17)
where w := inf{λ ∈ R; ‖T (t)‖  Mλeλt for all t  0} is the type, or the growth bound, of T (·). It follows from (i) of
Lemma 2.1 that
∥∥T (t)x∥∥= O (tα) (t → ∞) ⇒
∥∥∥∥∥γ t−γ
t∫
0
(t − s)γ−1T (s)xds
∥∥∥∥∥= O (tα) (t → ∞)
⇒ ∥∥λ(λ − A)−1x∥∥= O (λ−α) (λ → 0+).
In general, the converse implications are not true. When T (·) is a positive semigroup on a Banach lattice X , the converse of
the second implication holds for γ  1, but does not hold if γ ∈ [0,1) (for examples, see [1]). We next turn to the question
when the uniform boundedness of λ(λ − A)−1x implies the uniform boundedness of T (·)x.
We ﬁrst prove the following proposition for general differentiable functions.
Proposition 2.7. Let u ∈ C1([0,∞); X) be such that ‖tu′(t)‖ M for some M > 0 and all t  0. Then ‖u(t)‖ = O (ln t) (t → ∞). If,
in addition, u has Laplace transform uˆ(λ) for all λ > 0 and∥∥λuˆ(λ)∥∥ C for all λ ∈ (0, λ0], (18)
then ∥∥u(t)∥∥ 2M + C + ∥∥u(0)∥∥ for all t  λ−10 . (19)
Thus ‖λuˆ(λ)‖ = O (1) (λ → 0+) if and only if ‖u(t)‖ = O (1) (t → ∞).
Proof. The assumption implies
∥∥u(t)∥∥=
∥∥∥∥∥
t∫
1
u′(s)ds + u(1)
∥∥∥∥∥
t∫
1
Ms−1 ds + ∥∥u(1)∥∥= M ln t + ∥∥u(1)∥∥.
By the assumption, the mean value theorem, and integration by parts, we can carry out the following estimation for all
t > 0 and λ ∈ (0, λ0]
∥∥u(t)∥∥=
∥∥∥∥∥u(0) +
( t∫
0
u′(s)ds −
t∫
0
e−λsu′(s)ds
)
+
( t∫
0
e−λsu′(s)ds −
∞∫
0
e−λsu′(s)ds
)
+
∞∫
0
e−λsu′(s)ds
∥∥∥∥∥

t∫
0
(
1− e−λs)∥∥u′(s)∥∥ds +
∞∫
t
e−λs
∥∥u′(s)∥∥ds + ∥∥λuˆ(λ)∥∥+ ∥∥u(0)∥∥
 λ
t∫ ∥∥su′(s)∥∥ds + 1
t
∞∫
e−λs
∥∥su′(s)∥∥ds + ∥∥λuˆ(λ)∥∥+ ∥∥u(0)∥∥
0 t
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t∫
0
Mds + 1
t
∞∫
t
e−λsM ds + C + ∥∥u(0)∥∥
 λMt + 1
t
Mλ−1 + C + ∥∥u(0)∥∥.
Then by setting λ = 1/t we obtain for t  1/λ0∥∥u(t)∥∥ 2M + C + ∥∥u(0)∥∥.
Finally, from this and Lemma 2.1(i) follows the last sentence of this proposition. 
Theorem 2.8. Let T (·) be a C0-semigroup with the inﬁnitesimal generator A, let x ∈ X be such that T (·)x is differentiable on (0,∞)
(i.e., T (t)x ∈ D(A) for all t > 0), AT (·)x is continuous on (0,∞) and ‖t AT (t)x‖ Mx for all t > 0. Then the following hold:
(i) ‖T (t)x‖ = O (1) (t → ∞) if and only if ‖t−1 ∫ t0 T (s)xds‖ = O (1) (t → ∞), if and only if ‖λ(λ − A)−1x‖ = O (1) (λ → 0+).
(ii) limt→∞ T (t)x = y if and only if limt→∞ t−1
∫ t
0 T (s)xds = y, if and only if limλ→0+ λ(λ − A)−1x = y.
Proof. (i) follows by setting u(t) := T (t)x in the above proposition and by using Lemma 2.1(i).
(ii) A Tauberian theorem states that if f ∈ L∞([0,∞), X), then the Cesàro convergence is equivalent to the Abel conver-
gence. Moreover, if, in addition, f is feebly oscillating, i.e., ‖ f (s) − f (t)‖ → 0 whenever t → ∞ and t/s → 1, then both the
Cesàro convergence and the Abel convergence are equivalent to the strong convergence of f (t) as t → ∞ (cf. [9, Proposi-
tion 3.3]). By (i) we can apply this Tauberian theorem to the function f (t) = T (t)x, because the assumption implies that for
s > t
∥∥T (s)x− T (t)x∥∥=
∥∥∥∥∥
s∫
t
AT (u)xdu
∥∥∥∥∥ 1t
s∫
t
∥∥uAT (u)x∥∥du  Mx
(
s
t
− 1
)
tends to 0 whenever t → ∞ and t/s → 1. Thus (ii) follows. 
By the uniform boundedness principle, we can easily deduce (i) of the following corollary.
Corollary 2.9. Let T (·) be a C0-semigroup with the inﬁnitesimal generator A such that R(T (t)) ⊂ D(A) and ‖t AT (t)‖ M for some
M > 0 and all t > 0. Then the following hold:
(i) ‖T (t)‖ = O (1) (t → ∞) if and only if ‖t−1 ∫ t0 T (s)ds‖ = O (1) (t → ∞), if and only if ‖λ(λ − A)−1‖ = O (1) (λ → 0+).
(ii) For x, y ∈ X, limt→∞ T (t)x = y if and only if limt→∞ t−1
∫ t
0 T (s)xds = y, if and only if limλ→0+ λ(λ − A)−1x = y.
Remarks.
(i) The condition that R(T (t)) ⊂ D(A) for all t > 0 implies that T (·) is inﬁnitely continuously differentiable in the uniform
operator topology on (0,∞) (cf. [8, Theorem 10.3.5]), and hence is a so-called immediately differentiable C0-semigroup
[5, p. 109]. Furthermore, from [5, p. 101] one sees that the C0-semigroup in Corollary 2.9 is an analytic semigroup.
(ii) When M < 1e , we have A ∈ B(X) and T (t) = exp t A [8, Theorem 10.3.6].
3. Results on cosine operator functions
For a strongly continuous cosine function C(·) of operators on a Banach space X , we let M(C∗(·),q, x∗) and
M(C∗(·),∞, x∗) denote the numbers similar to those for the case of semigroup.
Theorem 3.1. Let C(·) be a strongly continuous cosine function of operators on a Banach space X, let p ∈ [1,∞), q ∈ (1,∞] be such
that 1p + 1q = 1. Suppose M(C∗(·),q, x∗) < ∞ for all x∗ ∈ X∗ . Then for any ﬁxed x ∈ X, γ  1 and α  0 the following conditions are
equivalent:∥∥C(t)x∥∥= O (tα) (resp. o(tα)) (t → ∞); (20)
t−1
t∫
0
∥∥C(s)x∥∥p ds = O (t pα) (resp. o(t pα)) (t → ∞); (21)
γ t−γ
t∫
(t − s)γ−1∥∥C(s)x∥∥p ds = O (t pα) (resp. o(t pα)) (t → ∞); (22)0
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∞∫
0
e−λs
∥∥C(s)x∥∥p ds = O (λ−pα) (resp. o(λ−pα)) (λ → 0+). (23)
Proof. As in the proof of Theorem 2.2, we only have to show “(21) ⇒ (20)” under the assumption. For the case 1< p,q < ∞,
by (6) and Hörder’s inequality we obtain
∣∣〈C(t)x, x∗〉∣∣(1− e−λt)= λ
t∫
0
e−λs
∣∣〈[2C(t − s)C(s) − C(t − 2s)]x, x∗〉∣∣ds
 2λ
t∫
0
e−λs
∣∣〈C(t − s)x,C∗(s)x∗〉∣∣ds + λ
t∫
0
e−λs
∥∥C(t − 2s)x∥∥ds‖x∗‖
 2
(
λ
t∫
0
e−λs
∥∥C(t − s)x∥∥p ds
)1/p(
λ
t∫
0
e−λs
∥∥C∗(s)x∗∥∥q ds
)1/q
+
(
λ
t∫
0
e−λs
∥∥C(t − 2s)x∥∥p ds
)1/p(
λ
t∫
0
e−λs ds
)1/q
‖x∗‖
 2
(
λ
t∫
0
∥∥C(t − s)x∥∥p ds
)1/p
M
(
C∗(·),q, x∗)+
(
λ
t∫
0
∥∥C(t − 2s)x∥∥p ds
)1/p
‖x∗‖
=
(
λ
t∫
0
∥∥C(s)x∥∥p ds
)1/p(
2M
(
C∗(·),q, x∗)+ 21/p‖x∗‖),
so that
∣∣〈C(t)x, x∗〉∣∣
(
t−1
t∫
0
∥∥C(s)x∥∥p ds
)1/p(
(λt)1/p
1− e−λt
)(
2M
(
C∗(·),q, x∗)+ 21/p‖x∗‖)
for all t, λ > 0 and x∗ ∈ X∗ . Letting λ = 1/t and using the uniform boundedness principle we obtain
∥∥C(t)x∥∥
(
t−1
t∫
0
∥∥C(s)x∥∥p ds
)1/p(
1
1− e−1
)
Mx (24)
for some Mx > 0.
Similarly, for the case p = 1,q = ∞, we have
∥∥C(t)x∥∥
(
t−1
t∫
0
∥∥C(s)x∥∥ds
)
M ′x
for some M ′x > 0 and all t > 0. In both cases, (20) follows from (21). This completes the proof. 
Applying the uniform boundedness principle to Theorem 3.1, one can deduce the following theorem about the growth
order of C(·).
Theorem 3.2. Let C(·) be a strongly continuous cosine function of operators on a Banach space X, and let p ∈ [1,∞), q ∈ (1,∞] be
such that 1p + 1q = 1. For α  0 the following statements are equivalent:
(a) ‖C(t)‖ = O (tα) (t → ∞) (resp. ‖C(t)x‖ = o(tα) (t → ∞) for all x ∈ X );
(b) M(C∗(·),q, x∗) < ∞ for all x∗ ∈ X∗ and
t−1
t∫
0
∥∥C(s)x∥∥p ds = O (t pα) (resp. o(t pα)) (t → ∞) for all x ∈ X; (25)
S.-Y. Shaw / J. Math. Anal. Appl. 357 (2009) 340–348 347(c) M(C∗(·),q, x∗) < ∞ for all x∗ ∈ X∗ and for some (all) γ > 0
γ t−γ
t∫
0
(t − s)γ−1∥∥C(s)x∥∥p ds = O (t pα) (resp. o(t pα)) (t → ∞) for all x ∈ X; (26)
(d) M(C∗(·),q, x∗) < ∞ for all x∗ ∈ X∗ and
λ
∞∫
0
e−λs
∥∥C(s)x∥∥p ds = O (λ−pα) (resp. o(λ−pα)) (λ → 0+) for all x ∈ X . (27)
In particular, the special case α = 0 of Theorem 3.2 gives characterizations for the uniform boundedness of C(·).
Theorem 3.3. Let C(·) be a strongly continuous cosine function of operators on a Banach space X, and let p ∈ [1,∞), q ∈ (1,∞] be
such that 1p + 1q = 1. The following statements are equivalent:
(a) C(·) is uniformly bounded;
(b) M(C∗(·),q, x∗) < ∞ for all x∗ ∈ X∗ and
t−1
t∫
0
∥∥C(s)x∥∥p ds = O (1) (t → ∞) for all x ∈ X; (28)
(c) M(C∗(·),q, x∗) < ∞ for all x∗ ∈ X∗ and for some (all)
γ t−γ
t∫
0
(t − s)γ−1∥∥C(s)x∥∥p ds = O (1) (t → ∞) for all x ∈ X; (29)
(d) M(C∗(·),q, x∗) < ∞ for all x∗ ∈ X∗ and
λ
∞∫
0
e−λs
∥∥C(s)x∥∥p ds = O (1) (λ → 0+) for all x ∈ X . (30)
Remark. “‖C(t)x‖ = o(1) (t → ∞)” cannot happen unless x = 0 (cf. [12]) because of the identity: I = 2(C(t))2 − C(2t). Thus
a nontrivial cosine operator function cannot be strongly stable. We can immediately deduce from Theorem 3.3 the following
characterization of uniform boundedness for cosine functions of selfadjoint operators on Hilbert spaces.
Corollary 3.4. Let C(·) be a strongly continuous cosine function of selfadjoint operators on a Hilbert space H. Then C(·) is uniformly
bounded if and only if
t−1
t∫
0
∥∥C(s)x∥∥2 ds = O (1) (t → ∞) for all x ∈ H, (31)
if and only if
λ
∞∫
0
e−λs
∥∥C(s)x∥∥2 ds = O (1) (λ → 0+) for all x ∈ H . (32)
Let A be the inﬁnitesimal generator of C(·) and let S(t) := ∫ t0 C(s)ds be the associated sine function. Then the Abel
means of C(·) are
λ
∞∫
0
eλtC(t)dt = λ2(λ2 − A)−1, λ > w, (33)
where w := inf{λ ∈R; ‖C(t)‖ Mλeλt for all t  0}. It follows from (i) of Lemma 2.1 that
348 S.-Y. Shaw / J. Math. Anal. Appl. 357 (2009) 340–348∥∥C(t)x∥∥= O (tα) (t → ∞) ⇒
∥∥∥∥∥γ t−γ
t∫
0
(t − s)γ−1C(s)xds
∥∥∥∥∥= O (tα) (t → ∞)
⇒ ∥∥λ2(λ2 − A)−1x∥∥= O (λ−α) (λ → 0+).
As in the proof of Theorem 2.8, one can apply Proposition 2.7 and [9, Proposition 3.3] to deduce the next theorem.
Theorem 3.5. Let C(·) be a cosine operator function with the inﬁnitesimal generator A, let x ∈ X be such that S(t)x ∈ D(A) for all
t > 0, AS(·)x is continuous on (0,∞) and ‖t AS(t)x‖ Mx for all t > 0. Then the following hold:
(i) ‖C(t)x‖ = O (1) (t → ∞) if and only if ‖t−1 ∫ t0 C(s)xds‖ = O (1) (t → ∞), if and only if ‖λ(λ − A)−1x‖ = O (1) (λ → 0+).
(ii) limt→∞ C(t)x = y if and only if limt→∞ t−1
∫ t
0 C(s)xds = y, if and only if limλ→0+ λ(λ − A)−1x = y.
By the uniform boundedness principle, we can easily deduce the following corollary.
Corollary 3.6. Let C(·) be a cosine operator function with the inﬁnitesimal generator A such that R(S(t)) ⊂ D(A) and ‖t AS(t)‖ M
for all t > 0. Then the following hold:
(i) ‖C(t)‖ = O (1) (t → ∞) if and only if ‖t−1 ∫ t0 C(s)ds‖ = O (1) (t → ∞), if and only if ‖λ(λ − A)−1‖ = O (1) (λ → 0+).
(ii) For x, y ∈ X, limt→∞ C(t)x = y if and only if limt→∞ t−1
∫ t
0 C(s)xds = y, if and only if limλ→0+ λ(λ − A)−1x = y.
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